We study non-Markovian dynamics of a two level atom using pseudomode method. Because of the memory effect of non-Markovian dynamics, the atom receives back information and excited energy from the reservoir at a later time, which causes more complicated behaviors than Markovian dynamics. With pseudomode method, non-Markovian dynamics of the atom can be mapped into Markovian dynamics of the atom and pseudomode. We show that by using pseudomode method and quantum jump approach for Markovian dynamics, we get a physically intuitive insight into the memory effect of non-Markovian dynamics. It suggests a simple physical meaning of the memory time of a non-Markovian reservoir.
I. INTRODUCTION
All realistic quantum systems are open quantum system; the system interacts with reservoir systems which cause decoherence and relaxation [1] . According to characters of the interaction and the structure of the reservoirs, the dynamics of open quantum systems can be classified into Markovian dynamics with no memory effect and non-Markovian one with memory effect.
In Markovian open system, the reservoir acts as a sink for the system information; the information that the system of interest loses into the reservoir does not play any further role in the system dynamics. However, in non-Markovian case, this lost information is temporarily stored in the reservoir and comes back at a later time to influence the system [2] . This is the memory effect of non-Markovian dynamics and causes more complicated behaviors than Markovian dynamics.
There are stochastic approach for Markovian dynamics [3] [4] [5] [6] [7] [8] ; quantum jump, Monte Carlo wave function and quantum trajectory. In these methods, the dissipation caused by the interaction with the reservoir is interpreted as an incoherent jump between two states and the state of the system is described by the sum of the ensembles which are identified by the jump times. Therefore, we can get the intuitive understanding of the dynamics.
Recently, non-Markovian dynamics has been investigated [9] [10] [11] . In these papers, non-Markovianity of quantum processes is discussed. The measures for the degree of non-Markovianity are based on the distinguishability of quantum states, which focuses on the dynamics of the system of interest. In this paper, we use pseudomode method [12] [13] [14] [15] [16] [17] . With pseudomode method, nonMarkovian dynamics of the system of interest can be mapped into Markovian dynamics of a combined system of the system of interest and pseudomode. Therefore, the dynamics of the extended system can be discussed. NonMarkovian quantum jump has been also investigated [18] [19] [20] . Because of the memory effect and back flow from the reservoir into the system, the description is more complicated than Markovian case and pure state quantum trajectories for general non-Markovian systems do not exist [21] . By connecting this method and pseudomode method, we get a simple intuitive physical picture of the memory of a non-Markovian reservoir and of how such memory allows to partly restore some of the coherence lost to the environment [15] . This result also suggests that pseudomode could be seen as an effective description of the reservoir memory.
The purpose of this paper is to get a more physically intuitive insight into the memory effect of nonMarkovian dynamics. For this purpose, we use pseudomode method and quantum jump approach. With pseudomode method, non-Markovian dynamics of the system is described by Markovian dynamics of a combined system, so that we can apply quantum jump approach for Markovian dynamics to the combined system. The result gives us a simple physical meaning of the memory time of a non-Markovian reservoir.
The paper is organized as follows. In Sec. II, we persent the model discussed in the paper. In Sec. III, the property of the model we have presented in Sec. II is evaluated using quantum jump approach for Markovian dynamics and, in Sec. IV, we study the dynamics of the damped Jaynes Cummings model, which is a typical example of non-Markovian system. Finally, we conclude the paper in Sec. V.
II. MODEL
Non-Markovian systems appear in many branches of physics. Here we consider a two level atom interacting with a structured electromagnetic reservoir which is described by the Jaynes-Cummings model with rotating ap-proximation [1] . The Hamiltonian for the total system is
where σ z = |e e| − |g g|, σ + = (σ − ) † = |e g|, b † k and b k are the bosonic creation and annihilation operators for the reservoir mode k with frequency ω k ≥ 0 and g k is the coupling between the two level atom and the reservoir mode k in the reservoir. |e and |g are excited and the ground states of the two level atom, respectively. Total excitation number is a conserved quantity in this model.
Let the atom be in an arbitrary superposition and the reservoir be in vacuum state at t = 0, therefore the initial state is given by
where |0 denotes the vacuum state of the reservoir, and α and β satisfy the normalization condition |α| 2 + |β| 2 = 1. In the interaction picture, the total state at t ≥ 0 can be expanded as
where |1 k = b † k |0 and the coefficient of |g, 0 is independent of time. Inserting this state into Schrödinger equation, we get the integro-differential equation for atomic amplitude a 0 (t),
where
t is a correlation function. Here we assume that the coupling g k depends only on the frequency ω k . In a continuous distribution limit, the sum on the reservoir mode k is replaced by an integral by ω as follows,
where ρ(ω) is the density of states of the reservoir. The structure of the reservoir is characterized by the positive definite function D(ω). Because we have extended the integral to −∞, this function should be vanished in the negative ω region. With these equations, the correlation function becomes
If the reservoir has no structure, D(ω) does not depend on ω. In this case, the correlation function is proportional to the delta function, so that the dynamics of the system FIG. 1. Diagrammatic representation of the combined system dynamics. The system interacts with pseudomodes which leaks into the Markovian reservoir. The interaction between the system and pseudomodes is effectively described by HSP .and the leak rate form pseudomode l into the Markovian reservoir is given by 2λ l .
is Markovian dynamics. In the following, we restrict that D(ω) can be approximated by a sum of Lorentz functions. This is not the necessary condition for using pseudomode method but an assumption for simplicity. We set the explicit form of
where γ l is the coupling strength and λ
is the reservoir's correlation time. Since D(ω) is vanished in the negative ω region, the resonant frequency ω l should be much lager than the width λ l .
From the residue theorem and t − t ′ ≥ 0, only the poles in the lower half plane have contribution for the dynamics of a 0 (t). So we define that λ l is positive for any l. Since D(ω) should be non-negative for any ω, we consider γ l > 0 for any l, which is also not the necessary condition but an assumption for simplicity. Integral of Lorentz function is
Using this assumption, we get the integro-differential equation
where ∆ l = ω l − ω 0 . From this equation, we can see that the parameter λ l represents how long past state affects the present dynamics. If there exists finite λ l , the present dynamics depends on the past dynamics. Therefore, the system interacts with non-Markovian reservoir and its non-Markovianity is characterized by λ l . With the pseudomode method [12, 13] , the dynamics of this system can be mapped into Markovian dynamics of a combined system of the two level system and L pseudomodes system. For the present model, pseudomode method leads to the following Markovian master equation
where ρ I SP (t) is the density operator of the combined system, D[·] is a superoperator
which describes the dissipation and H SP is a combined system Hamiltonian
where c † l and c l are the creation and annihilation operators for the pseudomode labeled by l. From the definition of the pseudomdoes, the initial state of the pseudomodes is the vacuum (see Refs. [12, 13] for details). From Eq. (10), we can see that the system coherently interacts with pseudomodes and each pseudomode dissipatively interacts with a Markovian reservoir (FIG. 1) . The information contained in the atom first flows to pseudomodes and then from each pseudomode to its reservoir. The flow from each pseudomode to its reservoir is oneway, but the flow between the atom and pseudomodes is two-way. In non-Markovian dynamics, the atom recieves back information and excitation energy from the reservoir due to memory effect. Therefore pseudomodes could be seen as an effective description of the reservoir memory [15] .
To get the state of the system, we should trace out the pseudomodes,
III. STOCHASTIC APPROACH
With the pseudomode method, the dynamics of this system is effectively described by the Markovian master equation. So we can use stochastic approach for Markovian dynamics. Here we define a non-Hermitian Hamiltonian,
In this Hamiltonian, non-Hermitian term represents dissipation into the Marovian resevoir. Using Eq. (14), we can rewrite Eq. (10) as,
The first term of the right-hand side represents the continuous dynamics governed by the non-Hermitian Hamiltonian H I eff . The second term represents jump process which is the loss of an excitation energy from pseudomodes.
Using an unnormalized state vector |Ψ(t) which satisfies Schrödinger equation,
we can divide ρ I SP (t) into two terms as follows,
where |0 P is the vacuum state of pseudomodes. The trace of ρ I SP (t) is conserved to 1, so that the coefficient of the second term Π p (t) is defined by Π p (t) = 1 − Ψ (t)|Ψ(t) of time. Because λ l is defined as positive, the inner product of |Ψ(t) is a monotonic decreasing function of time and Π p (t) is a monotonic increasing function.
From the quantum trajectory approach [5] , the unnormalized state vector |Ψ(t) is a trajectory under no jumps. Since the system is two level atom and the initial state of the reservoir is vacuum, the jumped part (= the second term of Eq. (17)) is the ground state. The state of the two level atom is given by
The probability that there is no jump until time t (= the survival probability) is given by the inner product of |Ψ(t) ,
Because we can regard the pseudomodes as memory part of the reservoir [15] , the survival probability P 0 (t) can be regarded as the probability that the system interacts with its reservoir coherently until time t. The jump rate to the ground state of the combined system, which is given by the damp rate of P 0 (t), represents a memory loss rate. So the probability density of jump is given by
This probability density represents the information flux from pseudomode into Markovian reservoir. For the particular model, the relationship between the oscillation of p(t) and the measure of non-Markovianity had been discussed [16] .
Since the initial state of the atom is |ψ(0) = α|e + β|g , the state of the combined system can be expanded as
where |1 l = c † l |0 P , a 0 (0) = 1 and q l (0) = 0. This a 0 (t) is the same as the amplitude a 0 (t) in Eq. (9). Using Eq. (21), the survival probability P 0 (t) and the probability density p(t) are given by
The probability density p(t) is the 2λ l |αq l (t)| 2 represents the energy flow from pseudomode l to its reservoir.
If the jump to the ground state occurs during the measurement time T , the expectation value of the jump time is given by
and we define the expectation value t as the long measurement time limit of t T ,
Moreover we define that
and then we get t = t S + l t l , where t S is the expected time length that the two level system is in the excited state |e and t l is one that a pseudomode l is in the excited state |1 l . Since we can regard the pseudmodes as the degree of freedom of the reservoir that interact with the system of interest coherently [15] , l t l can be regarded as the expectation value of memory time of the non-Markovian reservoir and reflects non-Markovianity of the system dynamics.
We consider the Markovian limit (λ l → ∞). When λ l ≫ ∆ l , γ l , the unnormalized state vector is approximated as
Therefore, we can see that q l (t) = 0 for any t > 0 and t l = 0 in the Markovian limit . Because time t is positive, t l = 0 means that there is no time that pseudomodes are in their excited states. The Markovian limit is the limit the reservoir has no memory. This is consistent and intuitive with the result we have got here; pseudomodes are vanished and l t l converges to 0 in the Markovian limit, so that pseudomode is a memory part of the reservoir and l t l is an expectation value of memory time of the reservoir. This result also suggests the following criterion.
• When l t l = 0, its dynamics is Markovian.
• When l t l = 0, its dynamics is non-Markovian.
IV. DAMPED JAYNES-CUMMINGS MODEL
In this section, we discuss the dynamics of a two level atom in a lossy cavity [1] . The reservoir is electromagnetic field inside and outside the cavity and its density of state has a peak at the cavity resonant frequency. Therefore, we can assume that the structure is a single Lorentz function,
where ω c is the resonant frequency of the cavity. This is called the damped Jaynes-Cummings model, which is a typical example of non-Markovian system and L = 1 case of what we have discussed. Therefore, we can use pseudomode method and the result we have got. The effective Hamiltonian H
and the unnormalized state |Ψ(t) is
where ∆ = ω c − ω 0 is the detuning between the two level system and the pseudomode, c † p and c p are creation and annihilation operators for the pseudomode and |1 P = c † p |0 P .
Inserting the effective Hamiltonian H I eff and the unnormalized state |Ψ(t) into Schrödinger equation, we get two simultaneous differential equations, Eigenvalues of these equations are
Under the initial condition, a 0 (0) = 1 and q(0) = 0, the solution is
where we define d = (λ + i∆) 2 − 2γλ. As a result, we get the probability density, . 2(a) shows the dynamics of the populations as a function of time. In FIG. 2(a) , |a 0 (t)| 2 and |q(t)| 2 oscillate and Π p (t) monotonically increases. The correlated oscillations of |a 0 (t)| 2 and |q(t)| 2 are caused by non-Markovianity. There is no energy flow from Markovian reservoir into the combined system, so that Π p (t) monotonically increases. FIG. 2(b) shows the dynamics of the probability density of jump as a function of time. From FIG. 2(b) , we can see that p(t) is positive except for t = 0 and t → ∞, because cosh x > 1 for ∀x > 0. When there is no detuning ∆ = 0, d = λ 2 − 2γλ, so that d is real or pure imaginary. When 2γ < λ, d is real so that p(t) = 0 for t > 0. On the other hand, when λ < 2γ, d is pure imaginary so that
Therefore when the time satisfies t = 2πn(2γ − λ)
for n ∈ {0, N}, the pribability density p(t) is 0.
Here the structure of the reservoir is a single Lorentz function so that there is only a single pseudomode and the expectation value of jump time is given by
Using the result we calculated above, we get
As noted at Eq. (9), non-Markovianity is characterized by λ. The decrease of λ means an increase of the reservoir correlation time, hence the non-Markovianity becomes stronger. In Eq. (40), the expectation values t S and t P are monotonically decreasing functions for λ. Therefore, the result shows that non-Markovianity of the system dynamics is reflected to the delay of the expectation value of the jump time t . From Eq. (40), we see that t S depends on the detuning ∆ and t P do not depend on it. This can be understood as follows. In the detuned Rabi oscillation, the oscillating amplitude is smaller than unity, which depends on the value of the detuning. The damp rate of the system excited state population and the maximum value of the pseudomode excited state population are suppressed by increasing the detuning, which are shown in FIG. 3 . Therefore, the damp of P (t) is slower than resonance case and the expected time length that the atom is in the exited state increases as the detuning increases. However, the leak rate from the pseudomode into the Markovian reservoir is 2λ, which does not depend on the detuning. This is the reason why the expected time length the pseudomode is in the exited state is the invariant value for the detuning. As shown in FIG. 3(b) , instead of the suppression of the maximum value, the population in the later time increases. We also calculate the generating function
Using Eq. (34), we get explicit form of the generation function
From this function, we can get the expectation value
and the variance
In order to understand the relationship between these values, we define the function
This function can be divided into 3 cases as follows
The sign of Λ t changes at λ 0 = |∆|/ √ 3. In the Markovian limit (λ → ∞), the expectation value and the variance converge to t → γ −1 and (δt) 2 → γ −2 , respectivelity. Thus Λ t converges to 0 in the Markovian limit. Because the correlation time λ −1 0 = √ 3/|∆| is small for large detunig |∆|, the function Λ t is positive for relatively large λ for large detuning. When it is negative, the variance is relatively smaller than one of Markovian dynamics. t is the expected time length that the system and the reservoir can interact with each other coherently. Therefore, negative Λ t means that the memory is lost at more definite time compared with Markovian dynamics.
V. CONCLUTIONS
We have studied the non-Markovian dynamics of a two level atom, using pseudomode method and the stochastic approach for Markovian dynamics. In this paper, we have assumed that the structure of the reservoir is given by a sum of Lorentz functions. With pseudomode method, the non-Markovian dynamics of a two level atom can be mapped to Markovian dynamics of a combined system of the system and pseudomodes whose number is the same as that of the Lorentz functions.
The expectation value of jump time to the ground state of the combined system is given by the sum of the expected time length that the two level system is in the exited state and one that each pseudomode is in its excited state. The later time length represents the memory time of a non-Markovian reservoir. In the Markovian limit, we get the result that the probability that pseudomodes are in their exited states is 0. Then the expected time length that pseudomodes in their excited state also converges to 0.
In particular, we have discussed the damped JaynesCummings model, which is a model of a two level atom in a lossy cavity. This is analytically solvable so that we can get an exact solution of the dynamics and the expectation values, explicitly. As a result, we have found that the expected time length that the system and the pseudomode are in their excited state took the value reflecting non-Markovianity.
Since Markovian approximation is the approximation that the reservoir has no memory, we can say that our result suggest the pseudomode is the degree of the freedom characterizing the memory of the reservoir.
